The interpretation and recognition of noisy contours, such as silhouettes, have proven to be difficult. One obstacle to the solution of these problems has been the lack of a robust representation for contours. In this paper, we present an analytical representation for contours. We introduce a smoothing criterion for the contour that optimizes the tradeoff between the complexity of the contour and proximity of the data points. We describe the computation of the contour representation, the computation of relevant properties of the contour, and the potential application of the representation and smoothing paradigm to contour interpretation and recognition.
INTRODUCTION
The interpretation and recognition of noisy contours, such as silhouettes, have proven to be difficult. One obstacle to the solution of these problems has been the lack of a robust representation for contours. Improvements in the representation of contours and the ability to manipulate the representation are very likely to lead to improvement of interpretation and recognition procedures.
To date, the most popular representation for a contour is a list of the coordinates of points along the curve. The mechanism for smoothing the curve is the application of a Gaussian filter to the x and 11 coordinates, independently. Estimates of the orientation and curvature of the contour are derived from the local coordinates of the points. The properties of such a representation have been studied extensively (Mokhtarian and Mackworth8, for example).
Unfortunately, Gaussian filtering applied to coordinates ofpoints suffers from a well-known shrinkage problem6. As the standard deviation of the Gaussian filter increases, the perimeter of the smoothed curve is guaranteed to decrease. In fact, as the standard deviation tends to inliriity, the coordinates of the smoothed curve tend to a single point. Horn and Weldon6 propose a solution to the shrinkage problem. They apply the Gaussian filter to the extended circular image of the curve. Their procedure is guaranteed to preserve the perimeter of the curve. Unfortunately, the procedure is only applicable to convex curves. Lowe7 proposes a smoothing procedure that compensates for the shrinkage problem explicitly. This prtcedure reduces, but does not completely eliminate the shrinkage problem. Furthermore, the procedure relies on a number of internal parameters.
Procedures for interpretation and recognition of contours often require estimates of properties of the curve such as curvature. Most notably, Hoffman and Richards3 use the extrema of curvature to partition the contour for recognition purposes. Curvature is a second order derivative property of the coordinates of the curve. Because real contours are likely to be noisy, curvature estimates are typically unreliable and smoothing is required. Consequently, a robust, reliable method of smoothing contours is iteeded.
In this paper, we present an alternate approach to representing and smoothing contours. We represent the contour as a curve, rather than as a list of points. A variety of mathematical properties, including curvature and orientation are represented explictly. A variety of global properties of the curve are computed trivially from the representation.
We also introduce a novel approach to contour smoothing. Rather than applying a filter to the coordinates, we optimize a tradeoff between the complexity of the curve and the proximity of the curve to the data points. The complexity of the contour is measured by the number of extrema of curvature of the curve. Once a particular complexity has been specified, the curve that minimizes the sum of the square-error between the data points and the curve is chosen. A multiple scale description of the curve is obtained by computing curves with a variety of complexities.
COMPUTATION OF THE CONTOUR REPRESENTATION
Any curve may be approximated by a set of pairwise tangent circular arcs. Such a representation is desirable because it allows the computation of a variety of mathematical properties of the contour. However, the computation of the pairwise tangent arc representation is nontrivial. In this section, we consider the computation of the contour representation from a set of sample points along the contour. We present an overview, rather than a rigorous definition of the algorithm; details may be found in subsequent papers2.
Definitions
We must define terms necessary for describing the contour representation. While these terms may have widely accepted geometric meanings, it is necessary to be precise when describing their meanLug in a computational context. Due to the quantized nature of computers, it is necessary to define suitable approximations to terms such as tangency.
A simple closed curve divides the plane into two simply connected regions: the interior and the exterior. An observer traversing the curve with the interior to his left is said to be moving in the positive direction of the curve. If the curve turns to the left, the curvature is said to be positive; alternatively, if the curve turns to the right, the curvature is said to be negative. The angle of orientation increases when traversing a region of positive curvature. Conversely, the angle of onentation decreases when traversing a region of negative curvature.
A circle is the locus of points equidistant from a particular point (xe, Yc), the center of the circle. The distance from the center to any point on the circle is the radius, R. An arc of a circle is is delimited by two end angles denoted by O and °2. The curvature of an arc is denoted by ,c, and
The curvature is positive if the arc is traversed in the counterclockwise direction around the center, negative if the arc is traversed in the clockwise direction. The coordinates of the arc parametric in arclength may be expressed as x(s) = z+Rcos(s,+Oj),
where s is the distance traversed along the arc.
Two circles are said to be externally tangent if the distance between their centers is equal to the sum of their radii. Because it is impossible to compute distances exactly, we must use an approximation to this defiuiition for computational purposes. Thus, two circles are considered to be externally tangent 1ff the difference of the sum of their radii and the distance between their centers is less than some parameter, . Specifically, two circles are externally tangent if
t4)
Two circles are said to be internally tangent if the sum of one radius and the distance between the centers is equal to the other radius. Again, we must allow for quantization. Without loss of generality we assume R < R2 . Under this condition, the circles are internally tangent if
Curve initialization
In this section we consider the computation of an arbitrary curve that passes through each data point. Once such a curve is found, it may be deformed to find a suitably smooth curve. We consider the computation of deformations of a curve and a particular smoothness criterion below.
At each data point, a circular arc is computed that passes through the point. Since three points determine a circle, two other points must be specified. The midpoint between the point of interest and one of its neighbors is used as the second point. The midpoint between the point and its other neighbor is the third. The circle determined by these points is used as the initial arc for the point of interest.
The initial arcs from two neighboring points are guaranteed to intersect at the midpoint between the points. A third arc must be computed that is mutually tangent to each initial arc. The radius of the third arc is arbitrarily chosen. The initialization procedure is illustrated in Figure 1 . This simple initialization yields an arbitary curve that passes through each data point. The initial curve must be deformed to obtain a more reasonable representation of the data. The computational means of the the curve deformation are described in the next section. Later, we introduce a reasonable criterion for choosing an appropriately smooth curve. 
Deformation ofthe curve
In this section we consider the mechanisms for perturbing a curve locally. There are two types of deformation of interest to us. First, we consider changing the curvature of a single arc. Next, we consider the rotation of two neighboring arcs without modifying their curvature. These operations allow the transformation of the curve into a more desirable curve.
Consider the deformation of a curve by perturbing the curvature of a single arc. The arc is constrained by the fact that it must be tangent to both of its neighbors. Therefore, if the radius of the arc is perturbed, the center of the arc is also perturbed. The points of tangency between the middle arc and its neighbors are perturbed as well. This operation is illustrated in Figure 2 .
Consider the deformation of a curve by rotating two neighboring arcs. In this case, the two arcs change position rather than curvature. We refer to the two arcs as arci and arc2. We refer to their neighbors as neighborl and neighbor2, respectively. Using a mechanical metaphor, consider the tangent point between arci and neighborl as a fulcrum and arci as a lever arm. If arci is rotated around the fulcrum remaining tangent to neighborl, the location of the tangent point between arci and neighborl is perturbed. Arc2 must be moved as well in order to maintain the tangency between arci and arc2. The tangent point between arc2 and neighbor2 is also perturbed. This operation is illustrated in Figure 3 .
Note that for each type of local deformation of the curve, the points of tangency with the neighboring arcs changes. In some cases, this results in a decrease of the arclength of the neighoring arc. When the arclength of a neighboring arc goes to zero, the neighbor is eliminated from the curve representation. 
CONTOUR SMOOTHING
A smoothing operation on a contour involves a tradeoff between some measure of smoothness and the proximity of the curve to data points. Traditionally, smoothness of a contour has been measured by some function of the magnitude of the curvature4. However, in this paper, we consider a novel approach to this tradeoff. We propose that the complexity of the curve, rather than the magnitude of the curvature, be minimized.
Smoothness criterion
We propose a two-fold criterion for smoothness and proximity. The first part of the criterion is that the contour shall have minimum complexity as measured by number of curvature extrema, as described below. The second part of the criterion is that for a given complexity, the contour shall be chosen to minimize the square-error between the contour and the data points.
A reasonable measure of the complexity of a curve i the number of etrerna ef curvattire f the curve. Hoffman and Richards3 have used extrema of curvature for interpreting and classifying contours. Their approach, called "codon coding", is based on the observation that extrema of curvature occur at the natural break points of the contour. That is, a human observer asked to break a contour into salient parts would place the breaks at extrema of curvature. Thus, the number of extrema of curvature of the contour is related to the number of subjective "parts" of the contour. Hence, reducing the the number of extrema of the contour amounts to reducing the number of fealures that may be encoded in the contour.
The two-fold criterion leads us to a two-stage algorithm. The first stage of the smoothing algorithm computes a curve that has the minimum complexity wider the constraint that the curve must pass within a particular tolerance of each data point. That is, a curve is found that simultaneously passes within the tolerance of each data point and has the minimum number of extrema of curvature, M. As the tolerance parameter is increased, the algorithm is able to find suitablecurves with a decreased number of extrema. Consequently, the tolerance, 5, allowed around each data point acts as a scale parameter.
The second stage of the smoothing algorithm computes the curve having the complexity determined in the first stage that is closest to the data in the square-error sense. That is, given the constraint that the curve may have at most M extrema of curvature, the second stage finds the curve that minimizes the sum of the distance squared between each data point and the curve.
Computation of the minimum complexity curve
An iterative procedure is used to compute the curve of minimum complexity with a particular tolerance 6. At each iteration the algorithm seeks to reduce the difference of curvature between neighboring extrema of curvature. At each step, the curve must remain within the specified tolerance; deformations that would move the curve outside the tolerance of any point are disallowed. The algorithm iterates until no more deformations are possible. Consider a case where a maximum of the magnitude of the curvature exists during an intermediate stage of the computation. The algorithm attempts to decrease the magnitude of the curvature at the arc as described in section 2.3. if the algorithm finds an arc that has a reduced magnitude of curvature and passes within the tolerance of all the relevant points, the new arc is replaces the original arc; the neighboring axcs are updated appropriately. Now consider the opposite case where a minimum in the magnitude of curvature exits. The algorithm attempts to increase the magnitude of curvature. Again, the algorithm replaces the original arc if a new arc is found that passes within the tolerance of all relevant points.
Each of these operations always leads to a decrease in the arc lengths of the neighboring arcs. Often the neighoring arcs are "engulfed" in the process. That is, the arclength of the neighbor goes to zero and is removed from the representation. During the process, the number of extrema of curvature is reduced as multiple arcs are regrouped into single arcs.
Each extremiim of curvature is updated iteratively until it is no longer possible find an improvement.
The results of this computation, applied to the silhouette of an airplane are shown in Figure 4 . Each curve shown in the figure represents the output with a different tolerance parameter.
Computation of the least square-error curve
An iterative procedure is used to compute the curve with least square-error under the constraint of the complexity complexity determined in first stage. The curvature and position of each arc are modified locally until the change in the square-error of the curve from the data points tends to zero. The output of this stage is the desired result. Consider a mechanical analogy where frictionless a spring is attached between each data point and the curve. The force exerted by the spring is linear with the distance between the point and the curve. The energy stored in each spring is the square of the distance. Hence, the total energy in the system is the square-error between the points and the curve. We exploit this anology to determine the appropriate deformation of the curve that reduces the energy of the system and analogously the square-error. The deformations are carried out under the constraint that they do not increase the complexity of the curve. The curve is deformed until it is no longer possible to reduce the square-error.
Consider the deformation of the curve by rotating a pair of neighboring arcs. The torque on each of the arcs is computed analogus to the mechanical system described above. By combining the torques appropriately, it is possible to determine which direction the arc pair would be inclined to rotate. Once this is determined, the algorithm attempts to finds new positions of these arcs that are consistent with the rotation calculated from the analogy. The position that most improves the square-error is chosen; the curve is updated appropriately.
Similarly, consider the deformation of the curvature of a single arc. The derivative of the energy in the system with respect to the curvature of the arc is the total deformation force acting on the arc. If the derivative of energy with respect to curvature is positive, the curvature of the arc is decreased. Conversely, if the derivative of energy with resepect to curvature is negative, the curvature is increased. The curve is updated appropriately.
The results of this stage applied to the silhouette of an airplane are shown in Figure 5 . Notice that as the complexity of the curve decreases, the fine details of the silhouette are lost. However, the global structure of the airplane remains in tact.
MATHEMATICAL PROPERTIES OF THE CONTOUR
In this section we describe the computation of a number of mathematical properties associated with contours.
Point properties of the contour
The curve is represented as a list of N circular arcs. The th arc is specified by its center (x, yj), the radius, R, the curvature, i'c, and two end angles, Oij and °2j. The th arc is always tangent to the i + 1th arc.
The coordinates of points on the curve may be described parametric in arclength, s, as Xci + R1 cos (si O)
cN RN cos ((s -SN4) N + GiN) SN_i < s < SN.
Similarly,
The orientation of the curve at a particular point is specified by the normal vector at that point. The normal vector is perpendicular to the tangent to the curve and points away from the interior of the curve. The normal vector points in the same direction as the radius of the circular arc when the curvature is positive. The normal vector points in the opposite direction of the radius when the curvature is negative. The unit normal vector for any point on the the jth arc is given by
sin((s -s_1)c + ii)
Perimeter and area
The perimeter of the region bounded by the curve may be computed. The perimeter is equal to the sum of the arclengths of the individual arcs. The perimeter, F, may be expressed
The area of the interior of the curve may be computed using Green's Theorem9. By appropriate application of Green's Theorem, the area, A, may be computed A = fJ dxdy = f(xdy_ydx).
This integral may be expressed
where each term of the sum is an integral over a single circular arc. The i term of this sum is simply an integral over a single circular arc. By suitable change of variable, the integral may be written, A2 = L:: (zco
where 0 is the angular displacemeLt of the arc. Making appropriate substitutions, each term may be written 
The sum over all of these terms yields a closed form expression for the area of the interior of the curve.
Extended circiular image
The extended circuiar image has been proposed as a useful description of the shape of a curve6. The value of a particular point of the extended circular image, C(t&), for a convex curve is
where 'Ia refers to a particular orientation angle and K(Sa) S the curvature of the curve at the location where the unit normal vector make an angle bawith the x-axis. If the curve is not convex, more than one point of curve maps onto a particular point of the extended circular arc. In that case, the value of the extended circular image is the sum of the curvatures of all points on the curve with the appropriate orientation.
The value of a single point on the extended circular image is easily determined from the curve representation. All points on the contour with the appropriate orientation must be found. The value of the extended circular arc is the sum of the reciprocal of the curvature associated with each of these points.
The extended circular image may be computed as a function as well. A single arc of the curve contributes a constant value (the value of the reciprocal of its curvature) over a particular range of orientations. That range of orientations is, of course, the range of orientations of the arc.
Consequently, the extended circular image for any curve represented by piecewise circular arcs is piecewise constant. The break points of the piecewise constant function are the orientations of curve points of tangency of the arc.
FUTURE WORK: INTERPRETATION AND RECOGNITION
A variety of approaches has been I)roPosed for interpreting and recognizing contours. Many of these approaches depend on the estimation of properties such as the orientation or curvature of the contour. In the past, a hurdle to such approaches has been the inability of the algorithms to capture these properties; the estimates are typically extremely noisy. However, the representation presented here yields more reasonable estimates for these values. The improvement in the ability to measure these quantities will lead to improvements lii the interpretation and recognition of the contours.
For example, the use of codons for classifying contours3 may be greatly improved by exploiting the advantages f the representation described here. Their approach was to prtitinn the rirrvr t locations of minima of curvature; the senents of the curve between the minima are codons. For the algorithm propsed here, the curvature is represented explicitly in the analytical representation. Furthermore, the complexity scale-space introduced here is natural for their approach. In essence, one may view a reduction of the complexity of the curve to be a reduction in the number of codons allowed to describe the curve.
The contour representation may also improve the ability to compute the medial axis skeleton of the region bounded by the contour. The well-known thinning algorithm for computing skeleton1 is extremely sensitive to noise in the contour. Given the ability to reduce the effects of noise on the contour, the skeleton may be computed more reliably. Furthermore, a reduction in the number of extrema of curvature of the contour almost always leads to a reduction in the number of branches of the skeleton.
CONCLUSIONS
In this paper, we consider an analytical representation of contours. A contour is represented as a list of pairwise tangent circular arcs. The representation leads to improved computation of mathematical properties of the contour such as the curvature, orientation, bounded area, and perimeter. We present a novel approach to contour smoothing. The complexity, rather than the magnitude of curvature, is employed in a smoothness criterion. Improved representation and smoothing of contours should lead to better interpretation and recognition capabilities for contours.
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